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1. INTRODUCTION 
The oscillatory behavior of differential equations with deviating 
arguments has been studied bymany authors. In particular, several authors 
have studied the oscillations caused by the deviating ar uments. Thestudy 
of such oscillations is a relatively n w field and is very interesting in 
applications. F r ome contributions in this area see the papers by Arino, 
Gyori, and Jawhari [ 11, Bowcock and Yu [2], Gyiiri [4,5 J, Hunt and 
Yorke [6], KulenoviC, Ladas, and Meimaridou [7], Ladas [S], 
Ladas, Sficas, and Stavroulakis [9, lo], Ladas and Stavroulakis [ 111, 
Sugie [141, Tramov [15], and Yan [16]. We also refer tothe recent book 
by Ladde, Lakshmikantham, and Zhang [123. The purpose of this paper 
is to investigate the oscillatory behavior fthe solutions f first order linear 
retarded differential equ tions with variable coefftcients and nonconstants 
delays. 
Consider the first order etarded differential equ tion 
” 
where pk and zk (k = 1, . . n) are nonnegative continuous functions onan 
interval [t,, co), and 
hm (t - Tk(t)) = cc (k = 1, . . n). 
1-m 
If T B to, by a solution [ T, co) of (E) we mean a real-valued f nction 
x defined onCT, co ), which is differentiable on [ T, co ) and satisfies x’(t) +
C;= 1 pk(t) Z(t - Tk(t)) = 0 for t2 T, where 5! is a continuous extension of 
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x on [T*, co) with T* = min, =,, ,,, 1 inf, > 7(t -~~(1)). Forthe existence 
and uniqueness of olutions f (E) we refer tothe paper by Driver [3]. 
A solution of (E) is said to be oscillatory if ithas arbitrarily large zeros, 
and otherwise t is called nonoscillutory. 
In this paper, weestablish sufficient co ditions forall solutions f (E) to 
be oscillatory. We also give conditions, u der which (E) has at least one 
nonoscillatory solution. I  the particular case where the coefficients pk 
(k= 1, . . n) are positive constants andthe delays rk(k= 1, . . n) are non- 
negative numbers, our results ensure that (E) is oscillatory if andonly if 
-3. +C; = 1 pkeArk > 0 for all i> 0. This result isdue to Tramov [ 151 
(see also [9, 10, 1, 23). 
2. MAIN RESULTS 
Our first result gives sufficient co ditions forall solutions f (E) to be 
oscillatory. 
THEOREM 1. Suppose that here xist a nonempty set Is (1, .. n} and 
two cqnstants ~~ and 5* with z0 > z* > 0 so that 
(i) zj(t)>z,for every t>t,,iEZand 
(ii) liminf,,, I:+** [C,,,p,(s)] ds>O. 
Suppose also that 
(iii) lim sup,+ nc Imax, =1, .. n s iP ikCtj [IX= 1~,(.~)ld4 < a. 
Moreover, assume that: 
(C) For a sufficiently large T, > t, we have 
,c, pk(t) > 0 for every t b T, 
and 
Then all solutions f (E) are oscillatory. 
Proof. Let x be a nonoscillatory solution an interval [ fO, 60), 1 
toa t,, of the differential equ tion (E). Without loss of generality, we can 
suppose that x(t) #0 for all t> i,. Furthermore, since -x is also asolu- 
tion on [Z,, co) of (E), we restrict ourselves to the case where xis positive 
on [i,, co). 
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Consider a T> f0 such that 
t - 5fJt) 3 i, for every t 3 T (k = 1, . . n). 
Then from (E) it follows that 
x’(t)= - i p/Jt)x(t--k(t))<0 for t >, T; 
k=l 
i.e., x is decreasing o  [T, co). Next, let us consider the set A of all 
numbers 2> 0 for which there exists a Tj. > T so that 
x’(t)+I[$, pk(t)]x(t)<o for all t~Tj~. 
The set A is nonempty. Indeed, ifwe choose a T, 2 T such that 
t-Tk(t)> T for every t 3 T, (k = 1, . . n), 
then, by taking into account the fact that xis decreasing o  [T, co), from 
(E) we obtain for t2 T, 
0=x’(t)+ i Pk(t)x(t--k(t))>x’(t)+ i p (t) (t). 
k=l [,_, k lx 
Hence 1E A and consequently A # a. Furthermore, it isobvious that A is 
a subinterval of (0, co) with inf A= 0. 
Next, we will establish that sup A < co. Let F> T be such that 
t-tJt)> T for every t 3 ii; iE I. 
By (i) and the fact that xis decreasing o  [T, co), from (E) it follows that 
for t>,f 
x(t)=x(t+r*)+jr’+‘* f pp(s)x(s-~k(s))d.~ 
k=l 
r+i* 
> 
s c 
P;(S) 4s - zi(s)) ds 
I it, 
aj,"" [~,~,l+k~oW 
>x(t+r*-T,)/'+'* [lF,pi(S)]dS, 
, 
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But, because of(ii), wecan consider a positive constant L, and a T* > F 
so that 
Jtr+‘* [~rPi(s)] dsaLO for all t 2 T*. 
Therefore, 
x(t) >L,x(t - (To-T*)) for every t 2 T*. 
Since x is decreasing o  [T, co), we always have L, < 1. Consider a 
constant r 2t*. Obviously, there xists a positive integer m so that 
m(~,-r*)>r. Hence, we obtain for t> F: T*+(m- l)(tO--r*) 
x(t)>L,x(t-(q)-T*))>L;x(t-2(r,-z*))> ‘.’ >L;x(t-m(t,-T*)). 
So, using the decreasing character of x on [T, co), it follows that 
x(t) >Lx(t - T) for every t 2 i+, (*) 
where L=Lf,O<L<l. We now claim that 
sup/i<tI= -+lnL. 
0 
Otherwise, w  have 8 <sup A and hence 0~ A. This means that for some 
T, Z T 
x’(t)+0[$,p,(t)]x(t)bO for all t>T,. 
So, if we put 
cpdt) =x(t) exp 0 { j;“[& &+j, t>To, 
then we have for t > T, 
i.e., cps is decreasing o  [T,, GO ). Thus, for every t B To + z, we obtain 
x(t) exp {0 S:, [ i pr(ij ds} 
k=l 
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and consequently 
Therefore, we obtain for t2 f0 = max{ To + z, T* + 7) 
i.e., 
x(t)<Lx(t-7) for every t 2 FQ. 
This contradicts (*) and hence 0is an upper bound of A. 
Now, set A* = sup A, where 0< A* < co, and consider an arbitrary p with 
0 < p < A*. Furthermore, we put r = A* - p. We have 0< r < II* and conse- 
quently r EA, which means that here exists a T, 2 T such that 
x’(t)+r[$lpk(t)]x(t)<O for all t>TT,. 
By choosing a T;* >, max (T,, To} so that 
t - 7,dt) 2 T, for every t Z TF (k = 1, . . n), 
we obtain for k= 1, . . n and t 3 Tr* 
The point To is sufficiently largesothat 
for every t 2 To (k = 1, . . PI). 
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Thus, from (E) it follows that for every t 2 TF 
0=x’(t)+ i pJf)X(t--k(f)) 
k=l 
which means that 
Hence, 
inf XI=1 Pk(t)exP{(l*-~)S:~rk(t) E;=I Pj s)l df} <A* 
lb ro c;I-= 1 Pk(t) 
. . 
By condition (iii), there exists a positive constant R such that 
Thus, we obtain 
i.e., 
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The last inequality holds for all pE (0, ;I*). Soas p -+ 0, we obtain 
which contradicts condition (C). 
Remark 1. Note that (ii) ssatisfied if 
lim inf 1 p,(t) > 0. 
,-CC iel 
Also, we note that, if the functions pk and 5/, (k = 1, . . n) are bounded, 
then (iii) holds. 
COROLLARY 1. Suppose that here exist a nonempty set ZC { 1, . . n} and 
two constants t0 and z* with zO> T* >0 so that (i) and (ii) are sati:fied. 
Suppose also that (iii) holds and that 
(iv) xi=, pk(t) > Ofor all arge t. 
Then the condition 
lirninfEI=~ Pk(t)Ji-rk(l) CCJ’=l Pj(S)ld~,~ 
I-z c;=, Pk(t) e (C’) 
is sufficient for all solutions of (E) to be oscillatory. 
Proof Because of(iv), there exists a F0 3t, such that 
,cl pk(t)>O for all t>i,. 
It can be supposed that 1, is sufficiently largesothat 
t- Zk(t) 2 t, for every t > TO (k = 1, . . n). 
By taking into account condition (C’), wecan consider a constant c > l/e 
and a T, > &, so that 
Xi=, pAt)J:--rkc,) E;=  P,(S)] ds>c 
c;=, p/c(t) 
, for t3T,. 
For any G > 0, one has min,,, (e’“/i) = Be. Hence, we have 
e’.” 3 he for all 2 > 0, 0 3 0. 
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Therefore, forevery i> 0, we obtain 
2 -A+ let =le(c - l/e) > 0 
and consequently condition (C) is satisfied. So, it is enough to apply 
Theorem 1. 
Remark 2. Introduce the conditions 
t-co I 
I 
lim inf (C”‘) 
t-mink=,, 
It is easy to see that, if(iv) holds, then (C”‘) * (C”) * (C’). 
LEMMA. Suppose that here xists a nonempty set I& { 1, . . n} such that 
(v) z{(t)>Ofor every tatO, iEIand 
(vi) CiE,pi(t)>Ofor every tat,. 
If y is a positive solution fthe differential inequality 
n 
Y’(f) + c Pk(t) Y(t - Tk(f)) G 0, (A) 
k=l 
then there xists a positive solution x of(E) with 
x(t) G Y(f) for all arge t, and lim x(t) = 0. r-n;, 
Proof: Assume that y is a positive solution on an interval [Z,, co), 
i,, b to, of the differential inequality (A). If we choose a to* 2i, such that 
t - T/J t) 2 i, for every t 3 t$ (k = 1, . . n), 
then from (A) it follows that for tk to* 
.ftt)G - 2 Pktt).dt-tk(t))<O 
k=l 
OSCILLATIONS OF RETARDED EQUATIONS 25 
and consequently y isdecreasing o  [It:, co). Furthermore, consider a 
z 3 to* such that 
t-r;(t)>to* for every t 2 7, iE I. 
Then (A) gives for t2 ‘I 
Y’(l) 6 - i Pk(f) Y(f -Tk(t)) < - 1 pi(t) y(t -T;(l)) 
k=l iCl 
d - C PiCr) Ytr) i 1 iEl 
and hence, because of(vi), wehave 
Y’(l) < 0 for every t > t, 
i.e., y is strictly decreasing o  [r, co). Next, we choose a T> z such that 
t - Tk(l) 2 T for every Z 2 T (k = 1, . . n). 
Then from (A) we obtain for ?k t 2 T 
Y(t) 2 Y(i) + j-’ i Pkb) Y(S - Tk(S)) ds 
’ k=l 
> P&I Y(s-T&))dS 
and so we obtain 
Y(t) 2 j- i Ph) y6 - zk(s)) ds for all t 2 T. 
f k=l 
Now, as in the proof of Theorem 1in [ 131, we consider the set X of all 
nonnegative continuous f nctions x on[IT, co) with 
for every t 2 T. 
For any function x in X, we define 
Z(t) = x(t)* 
if t>T 
x(T) + b(f) -Y(T)I, if z<t<T. 
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Then it is easy to verify that he formula 
(Sx)(t) = jx i pp(s) qs - Tk(S)) LiT 
1 k=l 
makes ense for any function x E X and every t2 T and that his formula 
defines an increasing mapping S: X -+ X. The increasing character of S is 
considered with respect tothe usual pointwise ordering inX. Next, 
consider the decreasing sequence (x,,),,,,,,,,,, of functions i  X defined by
x,=YI CTta) and x,,=sx,-1 (v = 1, 2, . .) 
and set 
x= lim x, pointwise on [T, az ). 
1’ +cc 
Then we can apply the Lebesgue dominated convergence th orem to 
obtain x = Sx, i.e., 
x(t) = jmi Pk(S) qs -z&Y)) ds for t> T. 
f k=l 
From this formula wecan immediately seethat he solution x satisfies 
Also, we obtain 
lim x(t) =0. 
,+CC 
x’(t)= - i Pk(t).?(t-tk(t)) for all t 3 T, (**I 
k=l 
which means that xis a solution on [T, cc) of the differential equ tion (E). 
Moreover, itis clear that x(t) d y(t) for every t> T. Hence, it remains to
prove that xis positive on [T, co). Obviously, 2 is positive on [t, T). On 
the other hand, because of(v) and (vi), wehave 
tb T-zJT)< T for all i E Z, and c pi(T)>O. 
iGl 
So, (**) gives 
x’(T)= - -f Pk(T)C?(T-Zk(T))< -c p,(T)z(T-si(T)) 
k=l rel 
Q - Cy-j:R(T--i(T))l c pl(T)<O. iCI 
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Obviously, x isnonnegative on [T, co). Moreover, from (**) it follows that 
x is decreasing o  [T, co ). Hence, if x(T) =0, then xis identically zeron 
[T, cc ) and consequently x’(T) = 0, which is a contradiction. So, we must 
have x(T) >O. Next, suppose that Q = {t > T: x(t) =0} # $3 and set 
-i-= inf Q. Then x(f) =0 and 2 is positive on [z, F). But, (v) and (vi) 
ensure that 
t6 F-q(F)< F for all i E Z, and c pi(F)>O. 
rsl 
Hence, from (**) we obtain 
x’(T)= - i pk(f)qP-Tk(T))< - 1 pi(f)qf-ti(Ii’)) 
k=l iel 
< - [min.?(F-zi(F))] C pi(F)<O. 
iel it/ 
Since x(F) =0 and x is nonnegative anddecreasing o  [T, cc ), we always 
have x = 0 on [f, co), which gives x’(f) = 0. This contradiction pr ves 
that xhas no zeros on (T, co). We have thus proved that x> 0 on [T, co) 
and the proof is complete. 
THEOREM 2. Suppose that here xists a nonempty set IS { 1, . . n} such 
that (v) and (vi) are satkfied. Moreover, assume that: 
(H) For a s@ciently large T,, 3 t, 
-l+ sup xi= I Pk@) exp{i Si-r&) [c/n= I Pj(S)I ds) 
f > To xi= 1 Pktf) 
GO for some A > 0. 
Then there xists a positive solution x of (E) with lim, _ r- x(t) = 0 and such 
that 
x(t)GeXP{-j-Jrl[!,pi(s)]ds} foralllarget. 
Proqf: The point T, is sufficiently largesothat 
f - tk( f) 3 t, for every t > T, (k = 1, . . . . n). 
28 
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I ds 
Then, by condition (H), we obtain for t2 TO 
n 
y’(t) + c Pk(f) At -Tk(f)) 
k=l 
= [j, pk@)] dt) 
X 
-/I+c;=l pk(t)exp{A ji-rk(l) [x7=1 pj(‘)l ds) 
c;= I Pktt) 1 
+, Pk(,)] edt) 
X 
-I+ sup C~=I Pk(t)exP(lJ:-,,(,, [c,“=,Pj(S)Ids} 
t> To XI;-= I Pkct) 1 
and consequently y 1 [To, co) is a positive solution on [To, co) of the 
differential inequality (A). So, the conclusion of the theorem follows by
applying our lemma. 
Remark 3. Suppose that 
kcl pktt)>O for every tB to 
and introduce thconditions: 
(H’) For a sufficiently largeTO > t, 
(H”) For a sufficiently largeTo 2 to 
s f sup t2To f-maxk=I. ,“W(f) 
We immediately seethat (H”) = (H’) + (H). 
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For the special case where the coefficients pk (k = 1, . .  n) and the delays 
Tk (k= 1, ..) n are constants, we have the following result due to 
Tramov [lS] (see also Ladas, Slicas, and Stavroulakis [9, lo], Arino, 
Gybri, and Jawhari [ 11, and Bowcock and Yu [2] ). 
COROLLARY 2. Consider the differential equation 
x’(t)+ c pkX(t-Tk)=o, 
k=l 
PO) 
where pk (k= 1, . . n) are positive constants and zk (k = 1, . . n) are non- 
negative numbers. All solutions f (E,) are oscillatory if and only if 
II 
-i+ c pkeiTk>o for all 1. > 0. (Co) 
k=l 
Proof: Suppose that (C,) holds. Then we cannot have zk = 0 for all 
k= 1, .  . n. Hence, r,>O for some kOE (1, .. n}. If we set I= {k,}, 
To = T/co, and z* = r,/2, we can immediately verify that (i) and (ii) are 
satisfied. Moreover, itis easy to see that (iii) is also fulfilled. Furthermore, 
for an arbitrary 1> 0, we put 2 = 1 C;=, pi > 0 and we obtain 
-~+inf~~=‘pkexp[E.5:-.k(~~=,p,)dsl 
I>0 x:= I Pk 
= -1 + xi = 1 Pk exp[A(~,“= I Pi) zkl 
xi=, Pk 
1 
=%I Pk 
-I+ i pkeiik >O. 
k=l > 
Thus, condition (C)is satisfied and so Theorem 1ensures the oscillation of 
all solutions f (E,). 
Conversely, let us assume that (Co) fails, i.e., 
k=l 
for some 1> 0. 
If zk = 0 for every k= 1, . . n, then (E,) has the positive solution x(t) = 
exp[ - (Xi = 1 pk) t], t 3 0 and the proof is complete. So,we suppose that 
TkO>O for some koE { 1, . . n}. We observe that (v) and (vi) are satisfied 
with I= {k,}. By defining 1= @(Cy,, pi), we obtain 
409’15’7’1.3 
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i.e., (H) holds. Byapplying Theorem 2, we can complete he proof. 
Theorem 3 below has been proved by Gyiiri [S, Corollary 11. This 
theorem proves that he conjecture of Hunt and Yorke [6] is true in some 
particular cases. But this result does not answer the question as to whether 
this conjecture is valid in its original form. 
Note that Theorem 3can also be proved by a method similar to that 
used in the proof of Theorem 1. The set n must be defined by A = 
{ 2 > 0 : x’(t) + Lx(t) < 0 for all arge t }. 
THEOREM 3. Suppose that here xists a nonempty set I5 { 1, . . n> so 
that 
(vii) lim inf, _ 3. zj(t)>Ofor all iEZand 
(viii) liminf,,,Ci.,p,(t)>O. 
Suppose also that 
(ix) lim sup! _~ am < cc (k = 1, . . n). 
Moreover, assume that: 
(D) For a sufficiently large To 3 to 
--I”+ inf i pk(t)e’.‘L(“>O for all 1. > 0. 
(8Tll k=, 
Then all solutions f(E) are oscillatory. 
Remark 4. Suppose that I= { 1, . . n}. Then (viii) holds if (ix) and (D) 
are satisfied. In eed, by (ix), we can consider a constant q>O such 
that am bq for t 3 to (k= 1, . . n). Also, because of (D), we have 
ICE =, pk(t) erkCr) > 1for all t> To. Hence, for every t2 To, we obtain 
k$l P/At) 2epY i pk(t)eTk(‘)>e-4 
k= I 
and consequently (viii) is satisfied. 
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If we consider a T,, 2 t, so that 
t - tk(t) 2 t, for every t 2 To (k = 1, . . n) 
and if we set y(t)=e-“, t>to, where A is a positive number, then we 
obtain for t3 T, 
y’(t) + i Pk(t) Y(f - Tk(t)) 
k=l 
=e - if -A + i pk(t) eiTk(‘) 
k= I 1 Ge-“’ c -2 + sup i pk(f) ei.rr(r) . t2TO k=l 1 
Hence, by applying our lemma, we can derive Theorem 4 below. This 
theorem has also been proved (for a more general equation) by Yan [16]. 
THEOREM 4. Suppose that here xists a nonempty set IL { 1, . . n} so 
that (v) and (vi) are satisfied. Moreover, assume that: 
(K) For a sufficiently large T, > t, 
-i+ sup i pk(t)ei.rk(t)<O forsome L > 0. 
t>To k-1 
Then there xists a positive solution x of (E) with 
x(t) < eCi.’ for all arge t. 
Remark 5. Corollary 2 can also be obtained from Theorems 3 and 4. 
3. THE EXAMPLE OF HUNT AND YORKE: DISCUSSION 
Now, let us consider the xample given by Hunt and Yorke [6]. 
Choose a h>O so that a=b/(l -eeb)>l. Let t, be such that o> 
-(l/6) ln( 1-e--‘) > 0 and consider the differential equ tion (E) with n= 2 
and T,(t) = 0 and t2(t) = 1 for t3 t,, and 
p,(t) = aCg(t) - 11 and pz(t)=aeCK”) for t3 t,, 
32 
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g(t)=(l -eeh)eh’, tat,. 
We see that pr, p2 are positive on [to, co) and that (ix) holds. For any 
,? >0, we obtain 
-A+ inf i pk(t)eirk(‘)= -A+ inf [pl(t)+e’p,(t)] 
far0 k=l f > 10 
” = A
L 
- 1 + a inf 
g(t) - 1 + ,z - n(t) 
f 2 to 1 I. . 
For any t 2 t,, the function f(n) = [g(t) - 1 + ei. ~ “(‘)I/& i > 0 minimized 
at A= g(t) and the minimum is 1. Hence 
-A+ pf, jl Pk(t) eirk(‘) >A( - 1 + a) > 0 for all 1> 0 
and so condition (D) is satisfied. On the other hand, Eq. (E) has the 
positive solution 
x(t) =exp( -ehr), t3to. 
The reason for the xistence of this nonoscillatory solution of (E) is that in 
the case considered there is no 0 #IL (1,2} so that (vii) and (viii) are 
satisfied. In eed, for I= { 1 } we have that (viii) holds but (vii) fails. If 
Z= {2}, then (vii) ssatisfied while (viii) is false. Finally, forI= { 1, 2}, we 
see that (viii) is fulfilled while (vii) snot satisfied. 
The above xample shows that in Theorem 3 the assumption “There xists 
a nonempty set Zg { 1, .  . n} so that (vii) and (viii) aresatisfied” is essential 
and cannot be removed without damage. According to this example, inorder 
that the conclusion fYan [16, Theorem 3.11 (as well as of its 
Corollaries 3.1 and 3.2) be valid, additional hypotheses (such as (vii) and 
(viii) for anonempty set Is (1, . . n}) are necessary. It isapparent that he 
author in his remark [16, p. 12841 was led to the assertion that he 
example does not contradict his Theorem 3.1 from aprinting error in Hunt 
and Yorke [6], where g(t) has to be defined as(1 - ePb) eb* and not 
(1 - eb) ebr (b > 0). 
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